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Abstract. We study the ring generated by the Chern classes of tautological line bundles on the 
moduli space of parabolic bundles of arbitrary rank on a Riemann surface. We show the Poincare 
duals to these Chern classes have simple geometric representatives. We use this construction to 
show that the ring generated by these Chern classes vanishes below the dimension of the moduli 
space, in analogy with the Newstead-Ramanan conjecture for stable bundles. 


1. Introduction 


Let G be a compact Lie group with maximal torus T, let E 9 be a compact, connected, oriented 
2-manifold of genus g, and let p G E 9 . For t G T, let 


9 

R g (t) = {(A 1 ,...,A g ,B l ,...,B g )€G 29 1 nw *.]-*} 

i=l 


(where ~ denotes conjugacy in G). The fundamental group 7Ti(E 9 \ {p}) can be presented by 
generators a \,..., a g , b \,..., b g , c with the relation nf=i[ a u &i] = c, where c can be thought of as 
representing the boundary curve of a small disc containing p\ we choose such a set of generators. 
Then 

R g {t) = {p € Hom(iri(T, 9 \ {p}), SU(N))\p(c) ~ t}, 

G acts on R g (t) by conjugation, and S g (t) = R g (t)/G is the space of characters of the fundamental 
group of E 9 \ {p} in G where the conjugacy class of the image of c is fixed. 

When t = e, we get the moduli space S g = Hom(7Ti(E 9 ), G)/G of flat connections on E 9 . 

Take t = £ G Z(G) to be in the centre of G. In particular, take G = SU(N) and £ = e 2mk / N J g 
Z(G), where ( k,N ) = 1. Then the space 


9 

Rg(0 = {(A u • • •, A g , B \,..., Bg) G G^ \ [A,, B t ] = f} 

i =1 

is the moduli space of flat connections on a principal G-bundle over E 9 . If we equip E 9 with a 
conformal structure, then S g (f) acquires a Kahler structure as a moduli space of stable rank N 
vector bundles, of degree k and fixed determinant, over the corresponding Riemann surface. In this 
case, the following generalisations of the Newstead-Ramanan conjecture have been established: 


Theorem 1.1 ([32]). The Chern classes of S g (f ) vanish above degree N(N — l)(g — 1). 


Date: August 4, 2015. 

Partially supported by NSF grant DMS 12-11819. 

1 



Theorem 1.2 ([7]). The ring generated by the Chern classes of the vector bundle associated to 
R g {£) —> S g (£) via the standard representation of SU(N) on C N vanishes in dimension strictly 
greater than 2N(N — l)(g — 1). 

Let 02 , • • • ,a r be the Chern classes of the vector bundle associated to R g (f) via the standard 
representation of SU(N) on C N . Earl shows in [6] that the Pontryagin ring of S g (f) is contained 
in the subring of H*(S g (£)) generated by the m, and so Theorem 11.21 implies 

Theorem 1.3 ([?])• The Pontryagin ring of S g (£) vanishes in dimension strictly greater than 
2N(N — 1)(<7 — 1). 

These results are generalisations of a conjecture of Newstead published in m- For some other 
references on this subject, see [H EJ 0IH El El El EDI EH EH E3 EH ESI ESI EZ1 ESI ESI ESI EH EH ESI 
[M1ES1ES1ES1ES1[3S1[3H[331[351[361[37]. 

We now take t to be a generic element of T: 

Definition 1.4. Let ti,..., tjy £ (0,1) be such that t\ + • • • + tjy £ Z, but the sum of any proper 
nonempty subset of the tj is not an integer, and let t = Diag(e 27ri<1 ,..., e 2nitN ) £ T. 

Consider 

9 

R g (t) = {(A 1 ,...,A g ,B 1 ,...,B g )€G 2 ° | 

2—1 

Again, G acts on R g (t) by conjugation; in this case, S g (t) = R g (t)/G is a moduli space of rank N 
vector bundles over T, 9 with parabolic structure at the marked point p. 

Consider the torus bundle V g (t) —> S g (t ) given by 

9 

Vg(t) = {(A u • • •, Ag, Bl, ..., B g ) £ G 29 \HlA, B t ] = t} 

2—1 

= {p£ Hom(7ri(T, 9 \ {p}),SU(N))\p(c) = t}] 

then S g (t ) = R g (t)/G = V g (t)/T. For 1 < i,j < N with i / j. let —y S g (t ) be the line bundle 

associated to V g (t) by the representation 

TxC->€ 

^ (Diag(e V3T01 ,... ,e y/=IOrf ),z) ^ 

We will denote this representation of T by and its weight by Xij- Note that since Lij ®Ljk = 
Lik and = LL, for i,j, k all distinct, we have c\(Lij) + ci(Ljk) = ci(Ljfc) and c\{L t j) = —c\(Lji). 
We are interested in the subring of H*(S g {t ); Q) generated by the ci(Ljj). When G = 517(2), V g {t) 
is a circle bundle, and 

Theorem 1.5 ([53]). ci(Li 2 ) 29 =0. 

We will sketch here the proof of Theorem 11.51 found in [33], as the purpose of this paper is to 
extend this technique to arbitrary rank. The idea is to find explicit geometric cycles Poincare dual 
to the Chern class ci(V g (t)). For 1 < i < g, consider the sections sa { of L 12 —> S g (t ) induced by 
the equivariant maps 

Vg{t) —X C( 12 ) 

(Ai,..., A g , B\ ,... ,B g ) e-x (Ai) 12 , 

where the subscript 12 denotes the (1,2) matrix entry. These sections sa, vanish on the cycles 

D(A i ) = {(A 1 ,...,A g ,B 1 ,...,B g )£Vg(t)\[A i ,t\ = l}/T. 
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Define sections s b, and cycles D(B{) similarly, and consider the intersection 

D := D(A\) n • • • n D(A g ) n D{B l ) n • • • n D(B g ). 

This is the image in S g (t) of the set of elements (Hi ,..., A g , B\,..., B g ) S V g (t ) with the matrices 
Ai,..., A g , B\,..., B g all diagonal, so Yl'!=i[-^i-Bi] = 1. Since f / 1 by Definition 11.41 D = 0, and 
so ci(Li 2 ) 29 = 0 . 

The purpose of this paper is to generalise this result to G = SU(N). Our theorem is 


Theorem 1.6. For 1 < i,j < N and i j, let kij be nonnegative integers, 
class 

[] C1 (Li,)** eH*(S g (t)-,Q) 

l<i,j<N 


vanishes whenever 


Y k ij > N (N -l)g-N + 2. 

1<Z,J<AT 


Then the cohomology 


Remark 1.7. The dimension of S g (t) is given by 

dim(S' 5 (i)) = 2g dim SU(N) — dimT — dim SU(N) 

= 2g(N 2 - 1) - (N - 1) - (IV 2 - 1) 

= 2g(N 2 - 1) - IV 2 _ N + 2. 

Theorem ll. 6 l above says that monomials in the ci(Ljj) vanish in degree r for r > 2gN(N— 1)— 2N+A, 
which is well below the dimension of S g (t). 

The proof uses the same technique as [34] but the combinatorics of the intersections is much 
more complicated; we illustrate it here for the case G = SU( 3). 

For 1 < i,j < 3 with i / j. consider the line bundles S g (t ) associated to V g (t) as above. 

Their Chern classes Cjj = ci(Ly) satisfy 

Cij + Cjk + Chi — 0 

Cij T Cji — 0. 

For 1 < m < g, we can as before find sections of Lij —> S g (t ) that are zero on 
Dij{A m ) = {(Ai,..., A g , B±,... , B g ) € V g (t)\(A m )ij = 0}/T, 

and similarly sections Sfj rn with zero locus Dij(B m ). The intersection 

9 

D '■= P) Di2(A m ) n Di2(B m ) (1 Di^(A m ) D Di^(B m ) 

m= 1 

is the image in S g (t) of the set of elements of V g (t) where (^ 4 m )i 2 = (^ 4 m)i 3 = 0 and (B m ) 12 = 
(B m ) 13 = 0 for all m. Hence (\\ g m= i [A m , B rn ])\\ = 1, so again if t is generic as in Definition 11.41 
D = 0. Hence the monomial c 29 c^| vanishes, and similarly, so do anc ^ c 3 i c 32 - ^rh any 

monomial in the of degree at least 6g — 1 may be written using the relations @ as a sum of 
monomials containing at least one such factor, and thus 


Proposition 1.8. Let G = SU( 3). Then any monomial in the Chern classes of the Lij of degree 
at least 6g — 1 vanishes. 


The generalisation of this argument to higher rank requires more careful attention to the com¬ 
binatorics and algebra of possible monomials. 
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2. Combinatorial Preliminaries 


We fix an integer g > 2; in the geometric application this is the genus of the 2-manifold Y 9 . 
Notation. For any set X, we will denote by X^ the set of 2-elenrent subsets of X. 


Lemma 2.1. Let X and Y be finite sets with |X| = n > 3 and |Y| > n(n — 1 )g — n + 2 , and let 
f : Y — > X^ be a function. Then there exists z £ X such that \f~ 1 ((X \ {z})^)| > (n — l)(n — 
2)g — n + 3. 


Proof. For x £ X, let Q x denote the set (X \ {x})( 2 L Suppose there is no 2 for which \f 1 {Q Z )\ > 
(n — 1 )(n — 2 )g — n + 3. So for each i£l, \f~ 1 (Qx)\ < (n — l)(n — 2 )g — n + 2, and thus 

^ \ f~ 1( yQ*)\ ^ n ( n ~ !)( n ~ % ~ n ( n ~ 2 )- 

xGX 


But each element {u, v} £ X^ is contained in exactly n — 2 of the sets Q x . So 1/ 1 {Qx)\ = 

(n — 2)|Y|. Hence 


< n(n — l)(n — 2)g — n(n — 2) 

— n — 2 

= n(n — 1 )g — n 


< \Y 


This is a contradiction, so such a 2 must exist. 


□ 


Definition 2.2. Let I be a finite set. A block in X x X is a subset B C X x X of the form 
V x ( X \ V), where V C X is a proper nonempty subset. If |V| = h we call B an /i-6?/-(|X| — h) 
block. 


Definition 2.3. For a finite set X, let B[X] be the set of blocks in X x X. 

Notation. If n £ N, we will write [n] for the set {1,... , n}. 

Remark 2.4. Suppose A € SU(N) and 1 < h < N, let V C [N] be a subset with |F| = h, and 
consider the block B = V x {[N] \ V) C [N] x [N]. If A t j = 0 for all (i,j) £ B, then there is some 
ordering of basis elements for which A is upper block diagonal. More precisely, if a is a permutation 
of [N] such that <j(V) = [h], then the matrix ( Cij ) = {A a - i(i)o—i(j)) h as the form 


1 

i-H 

1 

b 

2 

1 

1 

b 

0 • 

0 

^cr 1 (N— h)a 1 (1) 

A<j 1 (N—h)a 1 (h) 

0 • 

0 

Ul 

Uh 

Vl ■ 

• v N -h 

\ 1 

1 

1 



Since A, and hence C, are unitary, the vectors Vi form a basis for C N ~ h , and Ui ■ vj = 0 for all 
i,j. Hence each of the Ui must be zero, so the matrix C is block diagonal. Hence A^ = 0 for all 
(i.j) £ B. Thus the condition A,j = 0 for all (i,j) £ B implies that A is block diagonal, with 
blocks of size h and N — h, up to reordering of basis elements. 


3. Algebraic Preliminaries 


Let A be a finite set. 

Definition 3.1. Let Q[xjj] be the ring Q[{xjj|l < i,j < \X\fi j}], where we adjoin variables 
for all ordered pairs ( i,j ) with i,j £ X and i j. 
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We will need the following lemmas. 


Lemma 3.2. Suppose \X\ = n > 3, and let p £ Q[xjj] be a monomial of degree at least n(n — 
l)g — n + 2. Then there exists some z £ X such that if we factor p as p = qr, where q £ 
Q[{xi z ,x z i\i £ X \ {z}}] and r £ Q[{xij\i,j £ X \ {z},i / j }] are monomials, then r has degree at 
least [n — 1 )(n — 2 )g — n + 3. 


Proof. Write p = A rLjStf■ Let Yij be disjoint sets with \Yjj = dij , for each pair (i, j) with 
i,j £ X and i / j. Let Y = Ulij. We have 


\Y\ = ^2 dij > n{n — 1 )g — n + 2. 


ho 


Consider the function 

given by 
Then 


/ : Y -> 

/lw = {*» J'}- 

l/ _1 ({bi})l = dij + dji 


for all {i,j} £ X^ 2 \ By Lemma 12.11 there exists z £ X with 

|/ _1 (( x \ {^}) (2) )l >(n- 1 )(n -2)g-n + 3. 


But 

l/ _1 ((^\{4) (2) )l = E d v+ d P 

= deg(r), 


and so deg(r) > (n — l)(n — 2 )g — n + 3. 


□ 


Lemma 3.3. Let z £ X and let w,h £ N with w + h = |X| — 1. Let g £ Q[{x z j I* e x \ (-}}] be a 
monomial of degree at least \X\(\X\ — l)g—\X\+2—2gwh. Given a partition X\{z} = {ei,..., e^}U 
{/i, • • •, fw}, factor g as g = ghVw, with r/h € Q[{x 2ei |l < i < h}] and g w £ Q^/Jl < i < w}]. 
Then either the degree of gi, is at least gh(h+l)—h+l, or the degree ofg w is at least gw(w+l)—w+\. 


Proof. Suppose deg(gh) < Qti(h + 1) — h + 1. Then 
deg( 77 ™) = deg(77) - deg(p h ) 

> \X\(\X\ - T)g -\X\ + 2- 2gwh - gh{h + 1 ) + h 
= (w + h + l)(tc + h)g — (w + h+1) + 2 — 2gwh — gh(h + 1 ) + h 
= g(w 2 + 2 hw + h 2 + w + h — 2 wh — h 2 — h) — w — h+l + h 
= gw{w + 1 ) — w + 1 . □ 


Definition 3.4. Let / C Q[x*j] be the ideal generated by Xij +Xji and Xij +Xjk + Xki, for all triples 
of distinct elements i,j, k £ X. Let R = Q[xij\/I be the quotient of Q[xy] by this ideal. 

Note that the quotient preserves the grading by degree. If ( £ Qfx'jj] we will write [£] for its 
image in R. 


Lemma 3.5. Let £ £ Q[xjj] be a monomial, and let z £ X. Then there exists a homogeneous 
polynomial g £ Q[{x z j\j £ X \ {z}}] of the same degree as £ such that [£] = [ 77 ] £ R. 
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Proof. If £ = A Flj j x tj J where A G Q, let 

v =a n (-*»+ii( _i ) dizx S z n 4f • 

Then [£] = [ 77 ], and the degree of each term of tj is equal to the degree of £. □ 

Proposition 3.6. Let X be a finite set with |X| > 2. Let R = Q[x',j]// as before. Let £ G Q[xy] 
be a monomial of degree at least |X|(|X| — l)g — |AT| + 2. Then for each block B C X x X we can 
find a monomial fi>B in such that 


[C] 


e ^ n 4 / 

BgB[X] ( i,j)GB 


Proof. By induction on |AT|. 

If |X| = 2, take X = {1,2}. The monomials in Q[xy] of degree at least 2 g are of the form 
Ax“ 2 x 21 where a + b > 2g, A G Q. The set {(1,2)} is a 1-by-l block in X x X. Since [X 12 ] = [—£ 21 ] 
in R, the class [Ax“ 2 x 21 ] = [A(— ~ 29x i 2 \ £ R is of the desired form. 

Now suppose |X| = n > 3. Let ( G Q[xjj] be a monomial of degree d > n(n — 1 )g — n + 2. 
By Lemma [3.21 there exists z G X such that if we factor ( as ( = qr, where q G Q[{xi Z ,x Z i\i G 
X \ {z}}] and r G Q[ {xij\i,j G X \ {z},i j}] are monomials, then the degree of r is at least 

(n — 1 )(n — 2 )g — n + 3. 

By the inductive hypothesis, for each block C C (X \ {x}) x ( X \ { z }) we can find a monomial 
9 C G Q[{xij\i,j Gl\ {z},i j}] such that 


e n 4 s 

OeB[x\{*}] (ij)eo 


and so 


[C] = [?r] 


q E n 4/ 

CeB[x\{z}] (ij)ec 


It suffices to show that each nonzero monomial in the sum can be written as a sum of terms having 
the desired form. For each C with 6c 0, consider 


q°c n 4 s • 

MeC 

This is a monomial of degree d > n(n — l)g — n + 2. Suppose the block C is given by 

C = {ei,..., e h } x 

where h, w > 1 and X \ {z} is the disjoint union X \ {z} = {ei,..., e/ t } U {/ 1 ,..., f w } (so w + h = 
n — 1). By Lemma 13.51 we can find a homogeneous polynomial p\ + ■ ■ ■ + p m , where pi, ■ ■ ■ ,p m are 
monomials in Q[{x z j\j Gl \ {z}}], such that 


q°c n 4/ 

= 

(Pi +' 

■+Pm) n 4 9 

(ij')ec 



(ij)ec 
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Again, it suffices to show that each monomial in the sum can be written as a sum of terms having 
the desired form, so consider 

P n *•/, 

(iJ)eC 

where p G {pi,... ,p m }- Note that 

deg (p) = d — 2gwh > n{n — 1 )g — n + 2 — 2 gwh. 

Factor p as p = PhPw where ph G Q[{^ei |1 < i < h}] and p w G |1 < J < tc}] are monomials. 

By Lemma [3751 either deg(p^) > gh(h + 1) — h + 1 or deg(pu,) > gw(w + 1) — w + 1; without loss 
of generality we assume the former. 

By the inductive hypothesis, for each block D C {ei, ...,eh,z} x {ei,..., eh, z} we can find a 
monomial G Q[{xij\i,j G {ei,...,e^, z}, i / j}] such that 


\Ph] 


e ^ n *?/ 

DGB[{e 1 ,...,e h ,z}] 


and so 


p n *</ 

= 

p w y n 4 9 n x i/ 

(ij)ec 


DeB[{ei,...,e h ,z}] (ij')eD {i,j)eC 


For each D, consider the monomial 


Vw<t>D IJ x ij n 


x 




(ij)tD 

(*d)ec 


Observe that (7 01) = 

0, and so 






Pw<f>D 4 

n 7/ 

= 

Pw 4*D 

n 7/ 



(ij)ecr 



(i,j)£CUD 

We may assume 







fa 

II 

05 

• 5 ^cr(d) } ^ 

i®o-(d+l) j • • 

■ > (/l) J ) 


for some permutation a of [h] and 1 < d < h, since — Xji G I. But 

C U D {ei, • • • , &h\ X {/i, . . ■ , fw} U {e-cr^ , • • • , ^a{d) } X {Ccr(d+1)! ■ ■ ■ ! ®cr(/i) > "} 

contains 

A ■ {^(t(1) j • • • j C(T(d) } X {®cr(d+l) j • • • i 6ir(h) > fl > ■ • • > fw > £ ^[A"] • 

So 


Pwf’D JJ 4 

n 7/ 

= 

^ n x i! 

(i,j)eD 

(*J)eC 


(i,j)eE 


for some ipE G Q[x' ? y]. We have shown that [£] has a representative in that is a sum of 

monomials of this form, i.e. 


[C] = 


e n 

(ij)es 


□ 


for some monomials ifs in Q[xy]. 


7 






















4. Proof of the main theorem 


Definition 4.1. Suppose u £ {a \,..., a g , b \,..., b g } is one of the chosen generators of 7 Ti(E 9 \ {p}), 
and define maps 

ft j ■■ Vg(t) > C {ij) 

P ^ (p(u))ij 

for each pair (i.j) with 1 < *, j < N and i ^ j. These maps fu are T-equivariant since T acts on 
the matrix entry ( p(u))ij with weight Xij■ These maps then induce sections 

s u '■ S g(t ) v g(t) X T C(ij) 

of the line bundles Lij. 

Let Du be the image in S g (t) of the subspace {p £ V g (t)\(p(u))ij = 0}. Then the section Su is 
nonzero on the complement of Du ■ 

To prove Theorem 11.61 we will show that intersections of certain sets of these subspaces Du are 
empty, and conclude that the corresponding polynomials in the Chern classes c\ (Ljj) are zero. This 
is the same technique that was used in [34] . 

Lemma 4.2. Let M be a manifold. Let Ci —>■ M, i = 1 be complex line bundles with 

sections Si : M —> Ci. If these sections have no common zeros, i.e. s|f 1 (0) D - - - D s“ 1 (0) = 0, then 
ci (Ci) • • • ci(£ m ) = 0. 

Proof. Consider the vector bundle E := Ci © • • • © C m —> M with the section 

a := (si,-- - ,s m ) : M E. 

The section a is nowhere zero, so the Euler class e(E) = 0. Since c m (E) = e(E), the top Chern 

class c m (E) = ci(C\) ■ ■ ■ ci(C m ) is equal to zero. □ 

Lemma 4.3. Let 0 < h < N, let B C [N] x [N] be an h-by-N — h block, and let 

C = If c i(Lij) 29 £H^ N ~ h \S g (t)). 

Then ( = 0. 

Proof. Consider the sections s l f : S g (t) Lij (as defined in 14.11) . for (i, j) £ B and generators 
u £ {ai,..., a g , bi ,..., b g } of tti(Y< 9 \ {p}). We have (s l J ) _1 (0) = Du ■ By Lemma 14.21 it suffices to 
show that 

D:= n Wi n ■ ■ ■ n Dg n Dg n ■ ■ ■ n Dg) = 0. 

By definition, D is the image in S g (t) of the set of homomorphisms p £ V g (t) such that the ( i,j) th 

entry of p(u ) is zero for all (■ i,j ) £ B and all u £ {ai ,..., a g , bi ,..., b g }. Suppose p £ D. By 

Remark 12.41 we can find a permutation a of [N] such that the matrices 

(&(u))ij) . (p('^ J ))a~ 1 (i)a~ 1 {j)t 

for u £ {a \,..., a g , bi ,..., b g } are all block diagonal with blocks of size h and N—h. So nf=i 
is also block diagonal with blocks of size h and N — h, and each block has determinant equal to 
1. Let E £ SU(N) be a product of elementary matrices representing this permutation a of basis 
elements, so that 

p(u) = E^(u)E for all u £ {a \,..., a g , bi ,..., b g }. 


In particular, the matrix EtE T is obtained from t € T by permuting the diagonal entries. Then 
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t = p{c) = [J[p(oi),p(6i)] 

i =1 
9 

= H[E^(a i )E,E^(b i )E] 

i=1 
9 

= U E ^Hoi)Mbi)]E 

i=l 

= ^[$( ai ), <!>&)]) E. 

Thus Ep{c)E t = EtE ' = nf=i[^*( a i): is a diagonal matrix where the first h diagonal entries 

have product equal to 1. But this is impossible because for p G V g (t) we chose t = p(c) such that 
no h of its diagonal entries could have product equal to 1 (see Definition PD - Hence the set D of 
such p is empty. □ 

Proof of Theorem \1.6[ Let X = [IV] and consider the rings Q[xjj] and R as in Definitions 13.11 and 
IQ Let J C H*(S g (t )) be the subring generated by the c\{Lif) for 1 < i, j < N and i / j. Since 
ci(Lij) = —ci(Lji) and ci(L„) + ci(L jk ) = ci(L ik ), the map 

7 t : R -» J 

[xjj] i y ci(Lij) 

dehnes a ring homomorphism. Consider the element 

n G J. 

1<2 ,j<N 

*41 


It has a representative 


n 4 

1 <i,j<N 

_ h 

in R. Suppose 

Y k; 'i > N ( N - 1)5 - IV + 2. 

1 <i,j<N 
*41 

Then by Proposition 13.61 for each block B C [N] x [N] we can find a monomial Ob in such 

that 





n 4 a 

= 

e ° b n 

1 <i,j<N 

. *41 


_BGB[X] ( i,j)eB 
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So 


Yl C^Lij)^ = 7T 

= yi ?r (^) n c i( l ^) 29 ’ 

BeB[x] (jj)e-B 

which vanishes by Lemma 14.31 


E‘»n 4 ? 

ReBpf] (ij)es 


□ 
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